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Introduction

Motivation

@ We are interested in Stochastic Fluid Models (SFMs) with
time-varying parameters so that we can model a wider range of
problems.

@ We consider a Cyclic Stochastic Fluid Model (CSFM) analysed in
Margolius and O’Reilly (2016).

@ We extend the analysis to the study of its asymptotic periodic
distribution.

@ We also study some other CSFMs of interest, with boundaries.



Cyclic Stochastic Fluid Model (CSFM)

@ CSFM {(X(t),J(t)) : t > 0} is a process with

level variable X(t) > 0 and phase variable J(t) € S
@ {J(t) : t > 0} is a continuous-time Markov chain with
@ time-varying generator T(t) = [T (1);li jes
@ cycle of length 1 such that T(t) = T(t+ 1) forallt >0
@ some finite irreducible state space S
o fluidratesin ¢; € R, for all j € S, such that

d
EX(Z‘) = max(O, CJ(t)) when X(t) =0.



Example (Margolius and O’Reilly, 2016)

Let
S 0 ag(i) 0 33(1‘) 0 0 b1(t) T
0 « a(t) 0 0 a(f) 0 bt
bo(t) bi(t)  x 0 0 0 a(t) O
T(H) — 0 0 0 x a(t) a() 0 ba(t)
(t) = bs(t) O 0 bi(t) = 0 a() 0
0 bg(t) 0  b(t) O * a0
0 0  ba(t) 0  bo(t) bi(t) * 0
L ai(f) af(f) O 0 a(f) O 0 *
where
ai(t) = 30+ 25sin(27t)
bi(t) = 30—20sin(27t)
a(t) = 10+ 7sin(2~t)
bo(t) = 40— 35sin(2nt)
as(t) = 50— 35sin(27t)
bs(t) = 80+ 50sin(2xt).



Introduction

Evolution of level X(t) in time (simulation)
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Introduction

Partitioning

Let
St = {ieS:c >0}
S. = {ieS:c<0}
So = {ieS:c=0}

and partition accordingto S =S, US_ U Sy, as

Teie(t) To—(1) Tio(t)
T(t) = | T-+(t) T-—(t) To(t)

Tor(t)  Too(t) To—(t)

Let
C. = diag(ci)ies,, C- = diag(ci)ies.-



Asymptotic periodic distribution

Density 7(t; x) at x > 0
For,te[0,1), x > 0,

m(tx)=[ 7(t;x)+ w(t;x)- w(t;x)o |,

such that forall t € [0,1) and i € S,

ZP (t+n) <x,J(t+n)=1i).

o
—

+
N~
3_.._

t+n n4+1 77 time



Mass p(t) at x =0

Fort e [0,1),
pt)=10 p_(1) po(t) ],

where, forall i € S_ U Sy,

,—ZP (t+n)=0,J(t+n)=1i).

t+n n+1 7 time

o

—

+

N~
3_.._



Matrix Up(s, t)

For all s, t with 0 < s < t, define Uy(s, t) which solves

gtuo(s,t) = Uo(s,1)Too(1)
%Uo(s, t) = —Too(s)lo(s,1)
Uo(s,s) = L.

where Uy(s,t) =0for t < s, and

Up(s,t) = i Uo(s, t+ n).

n=0

- \

|
0 t 4t+1 2 nt+n nj_1

time



Physical interpretation of Uy(s, t)

Forall i,j € Sy,

[Uo(s, )] = P[J(t) = J(s) =i, J(u) € Sp, s <u <]

i J(u) € So j
" "

| *

0 s u t time

—_

[Uo(s. Dl = i PlJ(t+n)=j|Jd(s)=1iJ(u) e Sp,s<u<t+n]

n=0
L y J(u) € S L \
I - ,I x LN I N ’ e .
0 s 1 u nt+n  n41 time



Key fluid generator Q(s, t)

For all s, t, with 0 < s,t < 1, define

N | Qi4(s 1)
Qs = @i(s )
with
Qri(s,t) = CL[Tii(8)l(s=1)
Q__(s,t) = C'[T__(s)i(s=1)
Qi (s,t) = CI [T (s)l(s=1)
Q i(s,t) = CI[T y(s)l(s=1)



Key matrix U(s, t)

For all s, t with 0 < s < t, define matrix V(s, t) = [V(s, t)jlics, jes_
such that, with 5(x) = inf{t > s: X(t) = x},forallie S;,j € S_,

V(s t)jat = P[t<0s(z)<t+atJ(0s(2))=]j| X(s) =2J(s) =],

and matrix (s, t) = [¥(s, t);] such that

(s, t) = iW(s,t+n).

n=0



Physical interpretation of U(s, t)

U(s, 1); is the probability that
@ given start from level 0 in phase i € S, attime s,
@ the process {()A((t), J(1)) : t > 0} first returns to level 0
@ atsometime u € |2 o(t+ n, t+ n+ di,
@ and does soinphaseje S_.

1 \
i )
0 s 1 noten pyd

time



Expression for U(s, t) (Margolius and O'Reilly, 2016)

By conditioning on level y (highest peak / lowest trough)

0 1 1 o
V(s ) — / / / sy
y=0Jv=0 Ju=0

A 1 1 A A ~
x <Q+_(u, V) — / ~ /6 @ H)W(G,u)dedn>

x B0 dudvdy,

where
1
As,u) = Qi(s,u)+ /
z=0

B(v,t) = Q__(V,t)+/1



W (s, t); — Conditioning on highest peak y

Here, m,/,n=10,1,2....

y| /4\_ ________ )T \
S 1y
s | “
P o
4 l l \\
” I I \
, I I \
’ ! ! \
4 | | \
’ I | \
’ | I \
, I I \
’ | | \\
/, ! ! .
e | | A
I | | \1/
U
0O s u+m v+£L t+n
eAls,u)y Q. _(u,v) eBlw.ty

time



Analysis

W (s, t); — Conditioning on lowest trough y

Here, m,r,z,{,n=0,1,2....

,/—-_~\\ )F,/—-_~\\¥
y /#\ | | N
R l l AN
, I I I I R
, I I I I N
’ | I I l N
L/ | | | | N
l l l N
i, I I I : AN j
I I I I b
0O s u+m n+r 0+ 2z v+4L t+n

time



Matrix Ui (s, t)

For all s, t with 0 < s < t, define U; (s, t) which solves

5 B T__(t) Too(b)

Uit = Uis, t){ To_ (1) ToS(t)]

5 T (s) T_o(s)

Fdi(s ) = __[ To—(s) 7b§(3)] sy
Ui(s,;s) = I

and let

Us(s,t) = im(s, t+n)=(1—U(s,s+1))""Us(s, ).
n=0



Physical interpretation of U (s, t)
Fori,je S_ UGS,

[Ui(s, )] = P[J(t) =j | J(s) = i,J(u) € S-USp,s < u <]

| iJ(u) e S_U S J \

[ - A - J

0 s u t 1 time

[Oi(s, 0] =D [Ur(s.t+ n)]j
n=0

L N Ju)eS_USy | j \
7 ) A | - ]
0 s 1 uo N t+n p41 T time



A related discrete-time Markov chain (DTMC)

Consider a DTMC on [0,1) x S_ observed at the epochs when the
CSFM hits level 0 from above, with P = [P(s, t)j]s tc[0,1),i,jes 9iven by

1
P(s, t)dt = [ | o]/o 01(s,u)[ ;Oi((s’”ﬁ:(u,t)du

Here, m,n=0,1,2....

n T time

20



Asymptotic periodic distribution £(t) of such DTMC

Let £(1), t € [0, 1), be the unique solution of the set of equations

1
/Soas)P(s,r)f,-ds o

1
g(tyd = 1.
t=0

21



Analysis

Conditioning used in the derivation of = (¢; x)_

Here, m,/ =0,1,2,....

R e oo

A I
7 | |
‘ I I
L/ I I
: :

. | r

[ I o

0 s u+m t+¢ time
T_+(s) } eAs,u)x ‘I’(U’ t)dU(C_)_1
NECICRI RO
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Analysis

Theorem

Forall t € [0,1) we have

1
(o0 m)] = o [&s) 0]l(snds. ()

and
1
[t w60~ 1= [ o) i) [ 1 ]
X [ Aeoxc ) 1 eAsuxf(u, t)du(C_)! }ds (2)
and

1
r(tx)y = /s [ Asx) w(si)- ] [ ?28 } Oo(s, 1)ds, (3)

where « > 0 is a normalizing constant that for all ¢ € [0, 1) solves

p(H)1 + /XO_OO (t; x)dx1 = 1. 4)
23



Analysis

Normalising constant «
Let (~A~"(s, 1)) = [,2, e*=¥dy. Then

a:</1 [&(s) 0] Dn(s, t)dst

ol 01t [ T2 o

s)
x| A€ Sy AT (s v)U(v. Hav(C_) ! | dst
T

/SO/UO/VO U1VU[TOI(( ]

x| ~AT (W)€ [y AT (u w)B(w, s)aw(C_)~ | du

Tio(s) | ¢
X [ ng(s) } Un(s, t)ds1)

24



Closing comments

Current work

©

@ Proofs, numerical schemes and examples.

@ Other cyclic SFMs of interest:
» Cycle duration constant or with some distribution

» SFMs with a moving lower boundary, which drops to 0 at the end of
acycle

» SFMs which restarts at level B > 0 at the start of a cycle,
if the level falls below some threshold level 0 < b < B

25
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_______ Cosmoommens |
Thank you

27



28



_Clsngcommens |
We found V!
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Peter found V!
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